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DUAL AND BIDUAL OCTAHEDRAL NORMS IN
LIPSCHITZ-FREE SPACES
JOHANN LANGEMETS AND ABRAHAM RUEDA ZOCA
Abstract. We continue with the study of octahedral norms in the
context of spaces of Lipschitz functions and in their duals. First, we
prove that the norm of F(M)∗∗ is octahedral as soon asM is unbounded
or is not uniformly discrete. Further, we prove that a concrete sequence
of uniformly discrete and bounded metric spaces (Km) satisfies that
the norm of F(Km)
∗∗ is octahedral for every m. Finally, we prove
that if X is an arbitrary Banach space and the norm of Lip
0
(M) is
octahedral, then the norm of L(X,Lip
0
(M)) is octahedral. These results
solve several open problems from the literature.
1. Introduction
The Lipschitz-free space F(M) of a metric space M is a Banach space
with the property that every Lipschitz function admits a canonical linear
extension defined on F(M). This linearisation property makes Lipschitz-
free spaces a useful tool to study Lipschitz maps between metric spaces
and, because of this reason, a big effort to understand its Banach space
structure has been made in the last 20 years (see [13, 26, 32] and references
therein). The study of geometric properties of Lipschitz-free spaces has
experimented a very intense and recent activity (to mention few of it, see
[8, 28] for results on octahedrality, [5, 12, 18] for results about Daugavet
property, [3, 4, 12, 27, 32] for results about extremal structure or [10, 13]
for the study of norm-attainment of Lipschitz maps).
In this paper paper we will focus on different problems related to octahe-
dral norms in F(M)∗∗ and in Lip0(M). Recall that the norm of a Banach
space X is said to be octahedral if, for every finite-dimensional subspace Y
of X and every ε > 0, we can find x ∈ SX such that
‖y + λx‖ > (1− ε)(‖y‖ + |λ|)
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holds for every y ∈ Y and every λ ∈ R. From an isomorphic point of view,
a Banach space X admits an equivalent octahedral norm if, and only if, X
contains an isomorphic copy of ℓ1 [14]. From an isometric point of view, the
results of R. Deville in [11] prove that, if the norm of a Banach space X is
octahedral then every convex combination of w∗-slices of BX∗ has diameter
two. The converse has been recently proved in [7]. This characterisation
allowed to prove in [8] that the norm of F(M) is octahedral whenever M is
unbounded or is not uniformly discrete, a result which was extended in [28,
Theorem 3.1] to a characterisation of those metric spaces M such that the
norm of F(M) is octahedral.
At this point, a natural question, already posed in [8, Question 3.1], is
whether the norm of F(M)∗∗ is octahedral when M is unbounded or is not
uniformly discrete. Notice that a very recent result asserts that a separable
Banach space X admits an equivalent octahedral renorming if, and only if,
there exists an equivalent renorming of X so that the bidual norm of X is
octahedral [24, Theorem 4.2]. This means that, roughly speaking, from an
isomorphic point of view, octahedrality of X and of X∗∗ are equivalent in
the separable case. However, such a behaviour is far from being true from
the isometric point of view even in the separable framework. Indeed, it is
known that if X is an L1-predual, whose norm is octahedral, then the norm
of X is octahedral in spite of the fact that the norm of X∗∗ contains points
of Fre´chet differentiability.
Notice that, given a metric spaceM , there is not a good description of the
dual of Lip0(M) nor of the weak topology of this space. This makes the study
of octahedrality of the norm of F(M)∗∗ or, equivalently, of the fact that
every convex combination of slices of the unit ball of Lip0(M) has diameter
two (we will refer from now on to this property as the strong diameter two
property (SD2P)), a difficult topic. However, such difficulty was overcome in
[10] where, making use of a criterion of weakly null sequences in Lip0(M),
the authors proved that the norm of F(M)∗∗ is octahedral whenever M ′
is infinite or when M is discrete but not uniformly discrete. Making use
of this criterion, we will prove in Theorem 2.1 that the norm of F(M)∗∗
is octahedral whenever M ′ is non-empty or when M is unbounded. As a
consequence of the previous result, and that of [10, Theorem 5.5], we obtain
that Lip0(M) has the SD2P whenever M is unbounded or is not uniformly
discrete, a result which improves the main results of [17] and [15, Section
5]. Furthermore, making use of the contraction-extension property (CEP)
(see Section 2 for details), we obtain in Theorem 2.8 that Lip0(M,X) has
the SD2P whenever M is unbounded or is not uniformly discrete and X is
a Banach space such that the pair (M,X) has the CEP, which provides a
complete affirmative answer to [8, Question 3.1]. In the context of uniformly
discrete and bounded metric spaces we consider a sequence of metric spaces
(Km) already considered in [17, pp. 114]. There, it was posed as an open
question whether Lip0(Km) satisfies the property that every slice of its unit
ball has diameter two for every m > 3. In Proposition 2.10 we go further
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and prove that Lip0(Km) has the SD2P for every m > 3 and, in particular,
we give an affirmative answer to [17, Question].
Another open problem coming from [8, Question 3.3] is when a vector-
valued Lipschitz-free space F(M,X), a predual of Lip0(M,X
∗) (see formal
definitions below), has the SD2P. In view of [7, Corollary 2.2], this question
is equivalent to the octahedrality of F(M,X)∗ = Lip0(M,X
∗). Note that,
thanks to successive papers [5, 12, 18], the Lipschitz-free spaces enjoying the
SD2P have been shown to be exactly those for which F(M) has the Dau-
gavet property, which is equivalent to the fact that M is length (see [5] for
details). However, such a characterisation is, to the best of our knowledge,
unknown in the vector-valued case. In Section 3 we will take advantage of
the identification Lip0(M,X
∗) = L(F(M),X∗) = L(X,Lip0(M)) to study
this problem under the optic of when a space of operators can have an oc-
tahedral norm. Note that several recent papers have appeared in this line
(see [22, 23, 29] and references therein). In general, it is known that the
norm of L(X,Y ) can fail to be octahedral even if the norm of Y is octahe-
dral [23, Theorem 3.8]. However, we prove in Theorem 3.1 that the norm of
L(X,Lip0(M)) is octahedral for every Banach space X if, and only if, the
norm of Lip0(M) is octahedral. As a consequence of our result, we get that,
if F(M) has the SD2P, then F(M,X) has the SD2P for every Banach space
X, answering [8, Question 3.3]. The ideas involving the proof also allow us
to prove a result of octahedrality in spaces of operators. More precisely, we
prove in Theorem 3.2 that, given a Banach space X whose norm is octa-
hedral and a Banach space Y which is finitely representable in ℓ1 and has
the MAP, then the operator norm on H is octahedral for every subspace
H ⊆ L(X,Y ) containing the finite-rank operators. This improves the main
result of [29], where the second author additionally assumed that Y has a
monotone basis.
Notation: Given a Banach space X, BX and SX stand for the closed
unit ball and the closed unit sphere, respectively. By a slice of BX we will
mean a set of the form
S(BX , f, α) := {x ∈ BX : f(x) > 1− α},
where f ∈ SX∗ and α > 0. If X is a dual space, say X = Y
∗, the previous
set will be a w∗-slice if f ∈ Y . A convex combination of slices of BX will be
a set of the following form
n∑
i=1
λiSi,
where λ1, . . . , λn ∈ R
+ satisfy that
∑n
i=1 λi = 1 and Si is a slice of BX for
every i ∈ {1, . . . , n}. Again, if X is a dual Banach space, the previous set
will be a convex combination of w∗-slices if each Si is a w
∗-slice for every
i ∈ {1, . . . , n}.
A Banach space X has the strong diameter two property (SD2P) if every
convex combination of slices of BX has diameter 2. If X is a dual Banach
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space, then X has the weak-star strong diameter two property (w∗-SD2P)
if every convex combination of w∗-star slices of BX has diameter 2. As we
have pointed out before, the norm of a Banach space X is octahedral if, and
only if, X∗ has the w∗-SD2P [7, Theorem 2.1]. Also, X has the SD2P if,
and only if, the norm of X∗ is octahedral [7, Corollary 2.2].
Strongly connected with the octahedral norms are the Banach spaces with
the Daugavet property. Given a Banach space X, we say that X has the
Daugavet property if, for every rank-one operator T : X −→ X, we have
that
‖T + I‖ = 1 + ‖T‖,
where I : X −→ X is the identity operator. Notice that if a Banach space
X has the Daugavet property then the norms of X and X∗ are octahedral
[21, Lemmata 2.8 and 2.12].
Given two Banach spaces X and Y , we will denote by L(X,Y ) the space
of operators from X to Y , and by X⊗̂piY the projective tensor product of X
and Y . We refer to [31] for a detailed treatment and applications of tensor
products.
All the metric spaces considered will be assumed to be complete with no
loss of generality. Given a metric space M , B(x, r), respectively S(x, r),
denotes the open ball, respectively the sphere, centered at x ∈ M with
radius r > 0. Also, given a point x ∈M and 0 < r < R, we write
C(x, r,R) := {y ∈M : r < d(x, y) < R}.
We say that M is uniformly discrete if inf
x 6=y
d(x, y) > 0.
Given a metric space M with a designated origin 0 and a Banach space
X, we will denote by Lip0(M,X) the Banach space of all X-valued Lipschitz
functions on M which vanish at 0 under the standard Lipschitz norm
‖f‖ := sup
{
‖f(x)− f(y)‖
d(x, y)
: x, y ∈M,x 6= y
}
.
First of all, notice that we can consider every point of M as an origin with
no loss of generality.
Also, Lip0(M,X
∗) is itself a dual Banach space. In fact, the map
δm,x : Lip0(M,X
∗) −→ R
f 7−→ f(m)(x)
defines a linear and bounded map for each m ∈ M and x ∈ X. In other
words, δm,x ∈ Lip0(M,X
∗)∗. If we define
F(M,X) := span({δm,x : m ∈M,x ∈ X}),
then we have that F(M,X)∗ = Lip0(M,X
∗) (see e.g. [8] for details).
Given a metric space M , we say thatM is a length space if, for every pair
of points x, y ∈M , the distance d(x, y) is equal to the infimum of the length
of rectifiable curves joining them. Notice that a metric space M is length if,
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and only if, F(M) has the Daugavet property, which in turn is equivalent
to the fact that Lip0(M) has the Daugavet property [12, Theorem 3.5].
In connection with length spaces, the following lemma will be useful in
Section 3.
Lemma 1.1. Let M be a pointed metric space, let x and y be different
elements of M , let ε > 0, and let αε : [0, d(x, y) + ε] → M be a 1-Lipschitz
curve in M such that αε(0) = y, αε(d(x, y) + ε) = x. If s, t ∈ [0, d(x, y) + ε]
and t− s > ε, then αε(s) 6= αε(t).
Proof. Let s, t ∈ [0, d(x, y) + ε] and t− s > ε. Then
d(αε(d(x, y) + ε), αε(t)) + d(αε(t), αε(s)) + d(αε(s), αε(0))
> d(x, y) + ε− t+ t− s+ s− ε.
Therefore, taking into account that ‖αε‖ 6 1, we get that
d(αε(s), αε(t)) > (d(x, y) + ε− t)− d(αε(d(x, y) + ε), αε(t))
+ (s− 0)− d(αε(s), αε(0)) + t− s− ε > (t− s)− ε > 0,
which implies that αε(s) 6= αε(t).
Finally, it is convenient to recall an important tool to construct Lipschitz
functions: the classical McShane’s extension theorem. It says that if N ⊆M
and f : N −→ R is a Lipschitz function, then there is an extension to a
Lipschitz function F : M −→ R with the same Lipschitz constant (see e.g.
[32, Theorem 1.33]).
2. Octahedrality of bidual norms of Lipschitz-free spaces
The main aim of the section is to prove the following theorem.
Theorem 2.1. Let M be a metric space. If M is unbounded or is not
uniformly discrete, then the norm of F(M)∗∗ is octahedral.
In order to do so, we will take advantage of [7, Corollary 2.2] and we will
prove that Lip0(M) has the SD2P. Actually, we will prove that Lip0(M)
satisfies the following stronger property coming from [1].
Definition 2.2. LetX be a Banach space. We say thatX has the symmetric
strong diameter two property (SSD2P) if, for every k ∈ N, every finite family
of slices S1, . . . , Sk of BX , and every ε > 0, there are xi ∈ Si and there exists
ϕ ∈ BX with ‖ϕ‖ > 1− ε such that xi ± ϕ ∈ Si for every i ∈ {1, . . . , k}.
IfX is a dual Banach space, then the weak-star symmetric strong diameter
two property (w∗-SSD2P) is defined in the natural way just by replacing
slices with w∗-slices in the above definition.
In spite of being a stronger property, it is sometimes easier to check the
SSD2P than the SD2P as happens in the case of infinite-dimensional uniform
algebras or in Banach spaces with an infinite-dimensional centralizer (c.f.
e.g. [15] and references therein). It is particularly useful in Banach spaces
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for which there is not a good description of the dual Banach space (as spaces
of Lipschitz functions), because [15, Theorem 2.1] gives a criterion for the
SSD2P, which only makes use of weakly convergent nets. Combining the
latter criterion of SSD2P with the sufficient condition for weak convergence
of sequences of Lipschitz functions proved in [10, Lemma 1.5], we obtain the
following lemma:
Lemma 2.3. Let M be a metric space. Assume that for every k ∈ N,
f1, . . . , fk ∈ SLip0(M) there exist sequences (gn,i) ⊂ Lip0(M) and (hn) ⊂
SLip0(M) such that for every i ∈ {1, . . . , k}:
(1) There exists a sequence of scalars (bn) such that bn > 1, bn → 1, and
‖gn,i‖ 6 bn holds for every n ∈ N.
(2) ‖gn,i ± hn‖ → 1.
(3) supp(gn,i − fi) ∩ supp(gm,i − fi) = ∅ whenever n 6= m.
(4) supp(hn) ∩ supp(hm) = ∅ whenever n 6= m.
Then Lip0(M) has the SSD2P.
Proof. Let k ∈ N and f1, . . . , fk ∈ SLip0(M) and assume that (gn,i) ⊂
Lip0(M) and (hn) ⊂ SLip0(M) satisfy the properties (1)-(4) above.
By [15, Theorem 2.1], it suffices to show that there are (ψn,i) ⊂ SLip0(M)
and (ϕn) ⊂ SLip0(M) such that ψn,i → fi weakly, ϕn → 0 weakly, and
‖ψn,i ± ϕn‖ → 1 for every i ∈ {1, . . . , k}.
Note that we can take ϕn := hn for every n, because (hn) is a bounded
sequence with disjoint supports and by [10, Lemma 1.5] we get that it con-
verges weakly to 0. A similar argument gives us that (gn,i) converges weakly
to fi for every i ∈ {1, . . . , k}. Moreover, by the weak lower semicontinuity
of the norm, we get that ‖gn,i‖ → 1 after passing to an appropriate subse-
quence. Finally, the choice of ψn,i :=
gn,i
‖gn,i‖
finishes the proof.
As application of the previous lemma we get a sufficient condition on a
metric space M to ensure that Lip0(M) has the SSD2P.
Lemma 2.4. Let M be a metric space. Assume that there are six sequences
of scalars (rn), (sn), (tn), (Tn), (Sn), and (Rn) satisfying the following prop-
erties:
(1) The following inequalities
rn < sn < tn < Tn < Sn < Rn
hold for every n ∈ N.
(2) The set C(0, tn, Tn) is non-empty for every n ∈ N.
(3) C(0, rn, Rn) ∩ C(0, rm, Rm) = ∅ if n 6= m.
(4) The sequences ( rn
sn
),(sn
tn
),( tn
Tn
),(Tn
Sn
) and ( Sn
Rn
) converge to 0.
Then the space Lip0(M) has the SSD2P.
Proof. Let k ∈ N and f1, . . . , fk ∈ SLip0(M), and let us apply Lemma 2.3.
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Define functions gn,i : B(0, rn) ∪C(0, sn, Sn) ∪M \B(0, Rn)→ R by
gn,i(x) :=

fi(x), if d(0, x) < rn
0, if sn < d(0, x) < Sn
fi(x), if d(0, x) > Rn.
Let us estimate ‖gn,i‖. Let x, y ∈M and x 6= y. Denote by
A := |gn,i(x)− gn,i(y)|.
We only have to consider two non-trivial cases, otherwise it is clear that
A = 0 or A 6 d(x, y):
(a) If d(0, x) < rn and d(0, y) ∈ (sn, Sn), then
A
d(x, y)
=
|fi(x)|
d(x, y)
6
d(0, x)
d(x, y)
6
rn
d(0, y) − d(0, x)
6
rn
sn − rn
=
1
sn
rn
− 1
.
(b) If d(0, x) ∈ (sn, Sn) and d(0, y) > Rn, then
A
d(x, y)
=
|fi(y)|
d(x, y)
6
d(0, y)
d(x, y)
6
d(0, x) + d(x, y)
d(x, y)
6 1 +
Sn
Rn − Sn
= 1 +
1
Rn
Sn
− 1
.
Thus ‖gn,i‖ 6 max{1 +
1
Rn
Sn
−1
, 1sn
rn
−1
}. Extend now gn,i norm preservingly
to M , and note that the previous inequality proves that the sequence (gn,i)
satisfies (1) in Lemma 2.3. Note also that supp(fi − gn,i) ⊂ C(0, rn, Rn).
Pick a sequence of functions hn ∈ SLip0(M) such that supp(hn) ⊂ C(0, tn, Tn).
In order to apply Lemma 2.3 let us estimate ‖gn,i ± hn‖. Let x, y ∈M and
x 6= y. Denote by
B := |(gn,i ± hn)(x)− (gn,i ± hn)(y)|.
Observe that again we have two non-trivial cases, otherwise the inequality
B 6 d(x, y) obviously holds:
(a) If x ∈ C(0, tn, Tn) and y ∈ C(0, tn, Tn), then gn,i(x) = gn,i(y) = 0
and so
B
d(x, y)
=
|hn(x)− hn(y)|
d(x, y)
6 ‖hn‖ = 1.
(b) If x ∈ C(0, tn, Tn) and y /∈ C(0, tn, Tn), then gn,i(x) = 0 and we still
have two subcases:
(1) If y ∈ C(0, sn, Sn), then gn,i(y) = 0 and we have again that
B
d(x, y)
=
|hn(x)− hn(y)|
d(x, y)
6 ‖hn‖ = 1.
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(2) If y /∈ C(0, sn, Sn), then hn(y) = 0 and so
B
d(x, y)
6
|gn,i(x)− gn,i(y)|
d(x, y)
+
|hn(x)− hn(y)|
d(x, y)
6
{
|gn,i(y)|
d(x,y) + 1, if d(0, y) < sn
1 + |hn(x)|
d(x,y) , if d(0, y) > Sn.
6 1 +

d(0,y)
d(x,0)−d(y,0) 6
1
tn
sn
−1
, if d(0, y) < sn
d(0,x)
d(0,y)−d(0,x) 6
1
Sn
Tn
−1
, if d(0, y) > Sn.
Therefore ‖gn,i±hn‖ 6 max{1+
1
tn
sn
−1
, 1+ 1Sn
Tn
−1
} from where ‖gn,i±hn‖ → 1.
Now Lemma 2.3 implies that Lip0(M) has the SSD2P, so we are done.
As a consequence of Lemma 2.4 we get the following theorem, from where
Theorem 2.1 follows by [7, Corollary 2.2].
Theorem 2.5. Let M be a metric space. If M is unbounded or is not
uniformly discrete, then Lip0(M) has the SSD2P.
Proof. If M is discrete but not uniformly discrete then the result follows
from [10, Theorem 5.4]. For the remaining cases we will apply Lemma 2.4.
In order to do so, if M ′ 6= ∅, we can inductively construct the sequences
(rn), (sn), (tn), (Tn), (Sn), and (Rn) such that max{
rn
sn
, sn
tn
, tn
Tn
, Tn
Sn
, Sn
Rn
} < 12n ,
that C(0, tn, Tn) 6= ∅ and such that Rn+1 < rn. On the other hand, if
M ′ = ∅ then the remaining case is whenM is unbounded. In such a case, the
sequences can be constructed just in a similar way but imposing Rn < rn+1.
Remark 2.6. The case when M ′ is infinite was already proved in [10, Theo-
rem 5.5]
The previous theorem improves simultaneously the main results of [17]
(respectively [15, Section 5]) where it is obtained the property that every
slice of the unit ball has diameter two (slice-D2P from now on) (respectively
the w∗-SSD2P) under the same assumption. In order to get an improvement
of [8, Theorem 2.4] let us introduce some notation. We recall that given a
metric space M and a Banach space X, it is said that the pair (M,X)
satisfies the contraction-extension property (CEP) if McShane’s extension
theorem holds for X-valued Lipschitz functions from subsets of M , that is,
given N ⊆M and a Lipschitz function f : N −→ X, there exists a Lipschitz
function F : M −→ X which extends f and satisfies that
‖F‖Lip
0
(M,X) = ‖f‖Lip
0
(N,X).
Remark 2.7. Notice that, in the case that the codomain space is a dual space,
then the CEP has a reformulation in the language of tensor product spaces:
given a metric space M and a Banach space X, then the pair (M,X∗) has
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the CEP if, and only if, for every subset N of M then F(N)⊗̂piX is an
(isometric) subspace of F(M)⊗̂piX. This follows taking into account the
isometric isomorphism between Lip0(M,X
∗) joint with L(F(M),X) and
[31, Corollary 2.12].
On the one hand, in the particular case of being M a Banach space, the
definition given above agrees with the one given in [9]. On the other hand, let
us give some examples of pairs which have the CEP. First of all, given M a
metric space, the pair (M,R) has the CEP by McShane’s extension theorem.
Actually, the pair (M, ℓ∞(Γ)) has the CEP for every set Γ. Another example
coming from [9, Chapter 2] is the fact that the pair (H,H) has the CEP
whenever H is any Hilbert space. Furthermore, it is clear that if a pair
(M,X) has the CEP then the pair (N,X) has the CEP for every subset N
of M . Anyway, the CEP is a restrictive property as, for instance, if X is a
strictly convex Banach space such that there exists a Banach space Y with
dim(Y ) > 2 and verifying that the pair (Y,X) has the CEP, then X is a
Hilbert space [9, Theorem 2.11].
Notice that, following word-by-word the proof of Lemma 2.4 by replacing
the McShane’s theorem with an application of the CEP, and taking into
account [10, Theorem 5.8], the following result holds, which gives a positive
answer to [8, Question 3.1].
Theorem 2.8. Let M be a metric space and X be a Banach space such
that the pair (M,X) has the CEP. If M is unbounded or is not uniformly
discrete, then Lip0(M,X) has the SSD2P.
Note that Theorem 2.8 improves [8, Theorem 2.4], where the w∗-SD2P is
obtained under the same assumptions. Also, a straightforward application
of [7, Corollary 2.2] yields the following corollary.
Corollary 2.9. Let M be a metric space and X be a Banach space such
that the pair (M,X∗) has the CEP. If M is unbounded or is not uniformly
discrete, then the norm of (F(M)⊗̂piX)
∗∗ is octahedral.
Note that we have proved in Theorem 2.1 that the norm of F(M)∗∗ is
octahedral whenever M is unbounded or is not uniformly discrete. It is
known, however, that in the uniformly discrete case the norm of F(M) can
be octahedral (c.f. e.g. [28, Proposition 4.8]) or may even contain points of
Fre´chet differentiability [8, Proposition 2.5]). In the sequel we will consider
a family of uniformly discrete and bounded metric spaces coming from [17],
and we will prove that they enjoy the SSD2P. This will allow us to give a
positive answer to [17, Question].
For m ∈ N denote by
Km := {x ∈ ℓ∞ : x(k) ∈ {0, 1, . . . ,m} for all k ∈ N}
with metric inherited from ℓ∞. Y. Ivakhno proved in [17] that Lip0(Km)
satisfies the slice-D2P if m ∈ {1, 2}. Also, it was posed as an open question
[17, Question] whether Lip0(Km) has the slice-D2P for m > 3 (see [17, p.
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113–114]). In [15, Theorem 5.7], it was proved that Lip0(Km) has the w
∗-
SSD2P for every m ∈ N. Adapting the ideas in [15, Proposition 5.6] we will
give a positive answer to Ivakhno’s question and even show that instead of
the slice-D2P these spaces even have the SSD2P.
Proposition 2.10. If m > 3, then the Banach space Lip0(Km) has the
SSD2P.
Proof. Assume that m > 3 and f1, . . . , fk ∈ SLip0(Km), and let us apply
Lemma 2.3. Consider the sequence (un) ∈ Km such that un(l) = m if n = l
and un(l) = 0 otherwise.
For every n and i, let
an,i :=
1
2
(
inf
x∈S(un,2)
fi(x) + sup
x∈S(un,2)
fi(x)
)
.
Let n ∈ N. Note that if x, y ∈ S(un, 2), then d(x, y) 6 2. Therefore, for
every z ∈ S(un, 2) we have that |an,i − fi(z)| 6 1. Define
fn,i(x) :=
{
an,i, if x ∈ B(un, 1)
fi elsewhere.
Then ‖fn,i‖ 6 1 for every n and i. Indeed, fix n and i. Let x ∈ B(un, 1)
and y ∈ Km \B(un, 1).
(a) If d(un, y) = 2, then
|fn,i(x)− fn,i(y)| = |an,i − fi(y)| 6 1 6 d(x, y).
(b) If d(un, y) > 3, then find z ∈ S(un, 2) such that d(un, y) = d(un, z)+
d(z, y). Thus
|fn,i(x)− fn,i(y)| = |an,i − fi(y)| 6 |an,i − fi(z)| + |fi(z)− fi(y)|
6 1 + d(z, y) = 1 + d(un, y)− 2
= d(un, y)− 1 6 d(un, y)− d(un, x)
6 d(x, y).
Observe that supp(fn,i− fi) ⊂ B(un, 1) for every n and i, and B(ur, 1) ∩
B(us, 1) = ∅ if r 6= s.
Define now
ϕn(x) :=
{
1, if x = un,
0 elsewhere.
Clearly ‖ϕn‖ = 1 for every n ∈ N and supp(ϕn) = {un}.
Finally, in order to apply Lemma 2.3, let us verify that ‖fn,i ± ϕn‖ 6 1
for every n and i. Fix n and i. Let x ∈ B(un, 1) and y ∈ Km \B(un, 1).
(a) If x 6= un, then ϕn(x) = ϕn(y) = 0 and therefore
|(fn,i ± ϕn)(x)− (fn,i ± ϕn)(y)| = |fn,i(x)− fn,i(y)| 6 d(x, y).
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(b) If x = un, then find z ∈ S(un, 1) such that d(un, y) = d(un, z) +
d(z, y). Thus
|(fn,i ± ϕn)(un)− (fn,i ± ϕn)(y)| = |fn,i(z)± ϕn(un)− fn,i(y)|
6 |fn,i(z)− fn,i(y)|+ 1
6 d(z, y) + d(un, z) = d(un, y).
Taking supremum we get that ‖fn,i±ϕn‖ 6 1, so Lemma 2.3 applies to get
that Lip0(M) has the SSD2P.
Notice that the previous proof does not work in the case m = 2 because
K2 = B(e, 1), where e = (1, 1, 1, . . . ). Thus we do not know whether Propo-
sition 2.10 holds for m = 2 nor if Lip0(K2) has at least the SD2P. Notice
that Lip0(K2) has the slice-D2P [17]. However, a Banach space X can have
the slice-D2P but contain convex combinations of slices of arbitrarily small
diameter [6]. On the other hand, the case m = 1 is part of the following
general result.
Proposition 2.11. If M is an infinite set with the discrete metric, then
Lip0(M) has the SSD2P.
Proof. Assume with no loss of generality that d(x, y) = 1 for every x 6= y.
Pick f1, . . . , fk ∈ SLip0(M), and let us apply Lemma 2.3. Denote by
ai :=
1
2
(
inf
x∈M
fi(x) + sup
x∈M
fi(x)
)
for every i ∈ {1, . . . , k}.
Fix a disjoint sequence x1, y1, x2, y2, · · · ∈M . Define
fn,i(x) :=
{
ai, if x ∈ {xn, yn}
fi elsewhere.
and
ϕn(x) :=

1
2 , if x = xn,
−12 , if x = yn,
0 elsewhere.
Observe that ‖fn,i‖, ‖ϕn‖ 6 1 for every n and i. Note that supp(fn,i− fi) =
supp(ϕn) = {xn, yn} so, in order to apply Lemma 2.3, let us verify that
‖fn,i±ϕn‖ 6 1 holds for every n and i. Fix n and i and let x, y ∈M , x 6= y.
Suppose that x = xn and y 6= yn because the remaining cases are trivial or
similar. Note that, since ‖fi‖ 6 1, then supx∈M fi(x) − infx∈M fi(x) = 1
holds for every i ∈ {1, . . . , k}. Thus
|(fn,i ± ϕn)(x)− (fn,i ± ϕn)(y)| =
∣∣∣∣ai ± 12 − fi(y)
∣∣∣∣
=
∣∣∣∣12
(
inf
x∈M
fi(x) + sup
x∈M
fi(x)
)
±
1
2
(
sup
x∈M
fi(x)− inf
x∈M
fi(x)
)
− fi(y)
∣∣∣∣
6 ‖fi‖ 6 1 = d(x, y).
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The arbitrariness of x and y yields that ‖fn,i ± ϕn‖ 6 1, so Lemma 2.3
applies.
Note that Propositions 2.10 and 2.11 improve [15, Propositions 5.3 and
5.6], where the w∗-SSD2P is obtained.
3. Octahedrality of dual norms of Lipschitz-free spaces
Let M be a metric space and X be a Banach space. In [8, Question 3.3]
it is wondered when F(M,X) has any diameter two property. On the one
hand, this question has been completely answered when X = R. Indeed, in
[5, Theorem 1.5] it is proved that F(M) has the Daugavet property if, and
only if, the unit ball of F(M) does not have any strongly exposed point,
which is in turn equivalent to the fact that M is length. On the other
hand, notice that the identification F(M,X) = F(M)⊗̂piX (c.f. e.g. [8,
Proposition 1.1.]) connects this question with [22, Question 4.1].
Taking into account [7, Corollary 2.2], then [8, Question 3.3] is equivalent
to wonder when the norm of F(M,X)∗ = Lip0(M,X
∗) = L(F(M),X∗) =
L(X,Lip0(M)) is octahedral. Our strategy will be to take advantage of
this observation and of the ideas involving [29, Theorem 2.1] to prove the
following theorem.
Theorem 3.1. Let M be a metric space and X be a Banach space. If the
norm of Lip0(M) is octahedral, then the norm of L(X,Lip0(M)) is octahe-
dral.
In order to do so, we will begin with the following result, which improves
[29, Theorem 2.1], where the space Y below was additionally assumed to
have a monotone basis.
Theorem 3.2. Let X and Y be Banach spaces. If Y is finitely representable
in ℓ1 and has the MAP and the norm of X is octahedral, then the operator
norm of H is octahedral whenever H is a subspace of L(Y,X) containing
the space of finite-rank operators.
Proof. Pick T1, . . . , Tn ∈ SH and ε > 0, and let us find T ∈ H with ‖T‖ 6 1
such that ‖Ti + T‖ > 2 − ε holds for every i ∈ {1, . . . , n}. This is enough
in view of [16, Proposition 2.1]. To this end, consider yi ∈ SY such that
‖Ti(yi)‖ > 1 −
ε
4 for every i ∈ {1, . . . , n}. Since Y has the MAP we can
find a finite-rank operator P : Y −→ Y with ‖P‖ 6 1 and such that
‖P (yi)‖ > 1−
ε
4 . Now the rest of the proof follows word-by-word the proof
of [29, Theorem 2.1]. However, let us give an sketch of the proof in order to
motivate the ideas involving the proof of Theorem 3.1.
Define V := span{P (yi) : 1 6 i 6 n}. Since Y is finite-dimensional then
we can find ϕ : V −→ ℓ1 such that ‖ϕ‖ 6 1 and such that ‖ϕ(P (yi))‖ > 1−
ε
4
holds for every i ∈ {1, . . . , n}. Denote, for every natural number p, by Qp :
ℓ1 −→ ℓ1 the projection onto the first p coordinates. By the monotonicity
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of the ℓ1 norm we can find p ∈ N such that ‖Qp(ϕ(P (yi)))‖ > 1 −
ε
4 holds
for every i ∈ {1, . . . , n}.
Define now F := span{Ti(yi) : 1 6 i 6 n}, which is a finite-dimensional
subspace ofX. Since the norm ofX is octahedral we can find z1, . . . , zp ∈ SX
such that:
(1) ‖f+z‖ >
(
1− ε4
)
(‖f‖+‖z‖) holds for all f ∈ F and every z ∈ Z :=
span{z1, . . . , zp}.
(2) Z is (1 + ε4)-isometric to Qp(ℓ1).
From (2) we can consider a norm-one map Φ : Qp(ℓ1) −→ Z such that
‖Φ(Qp(ϕ(Pk(yi))))‖ > 1−
ε
4 . Define finally Ψ := i◦Φ◦Qp ◦ϕ◦P : Y −→ X,
where i : Z →֒ X denotes the inclusion operator. Since P is a finite-rank
operator we conclude that Ψ is a finite-rank operator and then Ψ ∈ H.
Moreover
‖Ψ‖ 6 ‖i‖‖Φ‖‖Qp‖‖ϕ‖‖P‖ 6 1.
Finally notice that ‖Ψ(yi)‖ > 1−
ε
4 holds for every i ∈ {1, . . . , n}. Moreover,
since Ψ(Y ) ⊆ Z, we get from (1) that
‖Ti +Ψ‖ > ‖Ti(yi) + Ψ(yi)‖ >
(
1−
ε
4
)
(‖Ti(yi)‖+ ‖Ψ(yi)‖)
>
(
1−
ε
4
)(
1−
ε
4
+ 1−
ε
4
)
> 2− ε.
Since ε > 0 was arbitrary we conclude the desired result.
Proof of Theorem 3.1. Before giving the proof let us outline the underlying
ideas, which are strongly based on those of the proof of Theorem 3.2. In
such proof, the key idea was to take advantage of the MAP assumption to
construct, given a finite-dimensional subspace E of X, a norm one operator
T : X −→ ℓ1 such that ‖T (e)‖ > (1− ε)‖e‖ holds for every e ∈ E, and then
make use of the fact that, in a Banach space Y whose norm is octahedral,
for every finite-dimensional subspace Y0 ⊆ Y we can find a subspace Z ⊆ Y
which is (1 + ε)-isometric to ℓ1 and satisfying that
‖y + z‖ > (1− ε)(‖y‖ + ‖z‖)
holds for every y ∈ Y0 and z ∈ Z. Now we will prove that, for every finite-
dimensional subspace Y0 ⊆ Lip0(M) we can find a subspace Z ⊆ Lip0(M)
which is isometric to c0 and satisfying that
‖y + z‖ > (1− ε)(‖y‖ + ‖z‖)
holds for every y ∈ Y0 and z ∈ Z. After that, we will make use of theory of
finite representability and extension of operators in order to get rid of the
MAP assumption.
Let us now go on into details and let us prove that the norm of F(M,X)∗ =
Lip0(M,X
∗) = L(F(M),X∗) = L(X,Lip0(M)) is octahedral. To this end,
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pick T1, . . . , Tk ∈ SL(X,Lip0(M)) and ε > 0, and let us find a norm-one oper-
ator T : X −→ Lip0(M) such that
(3.1) ‖Ti + T‖ > 2− ε
holds for every i ∈ {1, . . . , k}. For every i ∈ {1, . . . , k}, choose ai ∈ SX such
that fi := Ti(ai) has norm greater than 1− δ
2, for 0 < δ < ε.
Claim: For every i ∈ {1, . . . , k} we can find a pair of sequences (yin) and
(zin) in M , and a sequence of radii (rn) such that
(1) The collection {B(yin, rn), B(z
i
n, rn) : n ∈ N, i ∈ {1, . . . , k}} is pair-
wise disjoint.
(2) For every i ∈ {1, . . . , k} and every n ∈ N, then
sup
x∈B(yin,β)
fi(x)− fi(y
i
n)
d(x, yin)
> 1− δ, sup
x∈B(zin,β)
fi(x)− fi(z
i
n)
d(x, zin)
> 1− δ
holds for every β > 0.
Proof of the Claim. By assumptions, the unit ball of F(M) does not have
any strongly exposed point, so M is length by [5, Theorem 1.5]. By the
proof of [18, Proposition 2.3] we can find, for every i ∈ {1, . . . , k} a pair of
points yi and zi with the property that, for every i ∈ {1, . . . , k} and every
β > 0, then
(3.2) sup
x∈B(yi,β)
fi(x)− fi(yi)
d(x, yi)
> 1− δ2
and
sup
x∈B(zi,β)
fi(x)− fi(zi)
d(x, zi)
> 1− δ2.
Since all the above points can be taken to be different find r > 0 such
that the balls {B(yi, r), B(zi, r), 1 6 i 6 k} are pairwise disjoint. Our
strategy will be to construct, for every i ∈ {1, . . . , k}, a pair of sequences
(yin) ⊆ B(yi, r), (z
i
n) ⊆ B(yi, r) with the property (2). To this end, fix
i ∈ {1, . . . , k} and let us construct the sequence (yin), being the construction
of (zin) completely similar. By (3.2) find xi ∈ B(yi,
r
2) such that
fi(xi)− fi(yi)
d(xi, yi)
> 1− δ2,
and choose η0 > 0 such that d(xi, yi) + η0 <
r
2 .
SinceM is length, find a 1-Lipschitz curve α : [0, d(xi, yi)+η0] −→M such
that α(0) = yi, α(d(xi, yi)+η0) = xi and having as arclength the parameter.
Since α is 1-Lipschitz then the image of α is contained in B(yi, d(xi, yi) +
η0) ⊆ B(yi,
r
2). Following the ideas of [18, Proposition 2.3] note that
(1− δ2)d(xi, yi) < (fi ◦ α)(d(xi, yi) + η0)− (fi ◦ α)(0)
=
∫ d(xi,yi)+η0
0
(fi ◦ α)
′(t) dt.
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Note that the measure of A := {t ∈ [0, d(xi, yi)+η0] : (fi ◦α)
′(t) > 1− δ} is,
at least, (1−δ)d(xi, yi)+η(1−
1
δ
). Consequently, if η0 is taken small enough,
we can ensure the existence of t ∈ A such that t > η0. Thus, by Lemma 1.1,
yi1 := α(t) 6= α(0) = yi. Let r
i
1 > 0 be such that B(y
i
1, r
i
1) ∩ B(yi, r
i
1) = ∅.
Note that, for every t ∈ A, then α(t) satisfies the required property (2) (in
particular, so does yi1). Indeed, if z = α(t0) ∈ A and take an arbitrary
β > 0, we can find from the very definition of derivative a point 0 < t < β
such that α(t0) 6= α(t0 + t) and that
1− δ <
(f ◦ α)(t0 + t)− (f ◦ α)(t0)
t
=
f(α(t0 + t))− f(z)
t
6
f(α(t0 + t))− f(z)
d(α(t0 + t), z)
so the point z′ = α(t0 + t) shows that z satisfies our requirement.
Again, by (3.2), find xi1 ∈ B(yi,
ri
1
2 ) such that
fi(x
i
1)− fi(yi)
d(xi1, yi)
> 1− δ2,
and choose η1 > 0 such that d(x
i
1, yi) + η1 <
ri
1
2 . Consider a 1-Lipschitz
curve α : [0, d(xi1, yi)+ η1] −→M such that α(0) = yi, α(d(x
i
1, yi)+ η1) = x
i
1
and having as arclength the parameter. Proceeding as above we end up
with yi2 satisfying (2) and r
i
2 > 0 such that B(y
i
2, r
i
2) ∩ B(yi, r
i
2) = ∅ and
B(yi2, r
i
2) ∩ (y
i
1, r
i
1) = ∅. Continuing in this fashion we inductively construct
the sequence of points yin and radii r
i
n.
For every i ∈ {1, . . . , k} and n ∈ N call sin the corresponding radius for
zin. Finally, for every n ∈ N, define
rn := min
16i6k
min{rin, s
i
n}.
Now, from the disjointness of {B(yi, r), B(zi, r) : 1 6 i 6 k} it follows from
the construction that the collection
{B(yin, rn), B(z
i
n, rn) : i ∈ {1, . . . , k}, n ∈ N}
is pairwise disjoint, which finishes the proof of the claim.
By the properties of the sequences of the Claim we can find, for every
i ∈ {1, . . . , k} and every n ∈ N, a pair of points xin, w
i
n ∈M such that
(3.3) 0 < d(xin, y
i
n) <
rn
8
and
fi(x
i
n)− fi(y
i
n)
d(xin, y
i
n)
> 1− δ,
and
(3.4) 0 < d(win, z
i
n) <
rn
8
and
fi(w
i
n)− fi(z
i
n)
d(win, z
i
n)
> 1− δ.
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Now, for every n ∈ N, let us define the following function
gn(x) :=

0 if x /∈
k⋃
i=1
B
(
zin,
rn
2
)
∪B
(
yin,
rn
2
)
,
0 if x ∈ {yin, z
i
n : 1 6 i 6 k},
d(xin, y
i
n) if x = x
i
n, 1 6 i 6 k,
−d(zin, w
i
n) if x = w
i
n, 1 6 i 6 k.
Notice that, given i ∈ {1, . . . , k} and n ∈ N, we get
(3.5) ‖fi + gn‖ >
fi(x
i
n)− fi(y
i
n) + gn(x
i
n)− gn(y
i
n)
d(xin, y
i
n)
> 1− δ + 1 = 2− δ
by (3.3). Similarly, we get
(3.6) ‖fi − gn‖ >
fi(w
i
n)− fi(z
i
n)− (gn(w
i
n)− gn(z
i
n))
d(win, z
i
n)
> 1− δ + 1 = 2− δ
by (3.4).
Let us divide the rest of the proof in different steps.
Step 1: For every n ∈ N, ‖gn‖ 6 1.
Pick n ∈ N and take x, y ∈M,x 6= y. Then, if
|gn(x)− gn(y)|
d(x, y)
6= 0,
then for some i, then either x or y belongs to B(yin,
rn
8 ) ∪ B(z
i
n,
rn
8 ). From
now on, we will assume that x satisfies such assumption. Now, if y belongs
to the same ball, then
|gn(x)− gn(y)|
d(x, y)
6 1
by construction. In the other case notice that, either gn(x) = 0, or by
construction |gn(x)| 6
rn
8 (notice that x belongs to a ball of radius
rn
8 and
gn vanishes at the center of such a ball). Also, the same applies to y, so
|gn(x)− gn(y)|
d(x, y)
6
|gn(x)|+ |gn(y)|
d(x, y)
6
rn
4
d(x, y)
6 1,
because if x and y to different balls of radius rn8 then d(x, y) >
rn
4 .
This implies that ‖gn‖ = 1 holds for every n ∈ N. Now extend each gn in
a norm-preserving way to the whole M by McShane’s theorem, and we will
denote such extension by gn too.
Step 2: The sequence (gn) is isometrically equivalent to the c0 basis.
Also, for every i ∈ {1, . . . , k} and every g ∈ span{gn} such that ‖g‖ = 1, it
follows that
‖fi + g‖ > 2− δ.
In order to see that (gn) is isometrically isomorphic to the c0 basis let us
apply [20, Lemma 2.4]. To this end, pick x ∈ supp(gn) and y ∈ supp(gm)
DUAL AND BIDUAL OCTAHEDRAL NORMS IN LIPSCHITZ-FREE SPACES 17
for n 6= m. This means that there is ix such that x ∈ B(zix ,
rn
2 )∪B(yix ,
rn
2 ),
by construction, y /∈ B(zix , rn) ∪B(yix , rn). This implies that d(x, y) >
rn
2 .
Consequently, since M is a length space, then [20, Lemma 2.4] applies to
get that (gn) is isometrically equivalent to the c0 basis.
For the remaining part, pick a norm-one element g ∈ span{gn}, and let
us prove that ‖fi + g‖ > 2− δ. To this end, take η > 0 and find p ∈ N and
λ1, . . . , λp ∈ R such that ∥∥∥∥∥∥g −
p∑
j=1
λjgj
∥∥∥∥∥∥ < η.
Define f :=
∑p
j=1 λjgj and notice that ‖f‖ = max16j6p
|λj| > 1− η. Now select
j so that |λj | > 1− η. On the one hand, if λj > 1− δ we have that
‖fi + f‖ >
fi(x
i
j)− fi(y
i
j) + f(x
i
j)− f(y
i
j)
d(xij , y
i
j)
> 1− δ + λj > 2− δ − η,
since f(xij) = λjgj(x
i
j), f(y
i
j) = λjgj(x
i
j) and by (3.5). On the other hand,
if λj < −1 + η we similarly get, by making use of (3.6), that
‖fi + f‖ >
fi(w
i
j)− fi(z
i
j) + f(w
i
j)− f(z
i
j)
d(wij , z
i
j)
> 1− δ − λj > 2− δ − η.
Finally, since ‖g− f‖ < η we get that ‖fi+ g‖ > 2− δ− 2η, from where the
second step holds from the arbitrariness of η > 0.
Step 3: Construction of the operator T and conclusion of the theorem.
Pick η > 0 such that η + δ < ε and let us construct an operator φ :
X −→ c0 such that ‖φ(ai)‖ > 1 − η holds for every i ∈ {1, . . . , k}. Since
X is finitely representable in c0 (c.f. e.g. [2, Example 11.1.2]) let an oper-
ator φ : span{a1, . . . , ak} −→ c0 such that ‖φ(ai)‖ > 1 − η holds for every
i ∈ {1, . . . , k} and such that ‖φ‖ < 1. Since c0 is an L1-predual, the Lin-
denstrauss celebrated theorem [25, Theorem 6.1] yields a compact extension
(still denoted by φ) φ : X −→ c0 such that ‖φ‖ 6 1. Since (gn) is isomet-
rically equivalent to the c0 basis let Ψ : c0 −→ span{gn} be the canonical
linear isometry given by Ψ(en) := gn. Call j : span{gn} →֒ Lip0(M) to the
canonical inclusion and define
T := j ◦Ψ ◦ φ : X −→ Lip0(M).
Notice that ‖T‖ 6 ‖j‖|Ψ‖‖φ‖ 6 1. Furthermore, since j and Ψ are isome-
tries we get that ‖T (ai)‖ > 1− η holds for every i ∈ {1, . . . , k}. Also, since
T (X) ⊆ span{gn} we get that∥∥∥∥Ti(ai) + T (ai)‖T (ai)‖
∥∥∥∥ = ∥∥∥∥fi + T (ai)‖T (ai)‖
∥∥∥∥ > 2− δ
by Step 2, from where ‖Ti+T‖ > ‖Ti(ai)+T (ai)‖ > 2− δ− η > 2− ε. This
proves that T satisfies (3.1) and finishes the proof.
18 JOHANN LANGEMETS AND ABRAHAM RUEDA ZOCA
Remark 3.3. For every n ∈ N denote by Pn : c0 −→ c0 the projection
onto the first n coordinates. Notice that, in the proof above, we can find n
large enough so that ‖Pn(φ(ai))‖ > 1 − η. This means that the finite-rank
operator T¯ = j ◦ Ψ ◦ Pn ◦ φ satisfies that ‖Ti + T‖ > 2 − ε. From here, it
can be proved that the operator norm on H is octahedral for every subspace
H ⊆ L(X,Lip0(M)) containing finite-rank operators.
As a consequence we get the following corollary, which answers to Ques-
tion 3.3 in [8].
Corollary 3.4. Let M be a metric space. The following assertions are
equivalent:
(1) F(M,X) has the SD2P for every Banach space X.
(2) F(M) has the SD2P.
(3) F(M) does not have any strongly exposed point.
Proof. (1)⇒(2) is trivial, whereas (2)⇒(1) follows from Theorem 3.1 and by
[7, Corollary 2.2]. Finally, the equivalence of (2) with (3) is [5, Theorem
1.5].
Remark 3.5. Given a metric space M , the existence of a Banach space X
such that F(M,X) has the SD2P does not imply that F(M) has the SD2P.
Indeed, given X = L1([0, 1]), it follows that
F(M,X) = F(M)⊗̂piX = F(M)⊗̂piL1([0, 1]) = L1([0, 1],F(M))
has the SD2P (even the Daugavet property) for every metric space M (see
the Example after Corollary 2.3 in [33]).
Remark 3.6. Let X and Y be two Banach spaces. In [22, Question 4.1] it
was wondered whether X⊗̂piY has the SD2P whenever X has the SD2P and
Y is non-zero. Notice that a negative answer was given in [23, Corollary 3.9]
where it was proved that L∞([0, 1])⊗̂piℓ
n
p for 2 < p < ∞ and n > 3 yields a
counterexample. However, Theorem 3.1 gives an affirmative answer in the
case that X is a Lipschitz-free space.
Remark 3.7. Let M be a metric space and X be a Banach space. Since the
SD2P and the Daugavet property are equivalent in the context of Lipschitz-
free spaces [5, Theorem 1.5], a natural question is, in view of Corollary
3.4, whether F(M,X) has the Daugavet property whenever F(M) has the
Daugavet property. Note that, under the assumption that the pair (M,X∗)
has the CEP, the answer is affirmative [12, Corollary 3.12]. In connection
with that, and taking into account that F(M,X) = F(M)⊗̂piX, it is known
that the Daugavet property is not preserved, in general, from just one of
the factors by taking projective tensor product (c.f. e.g. [19, Corollary
4.3] or [23, Remark 3.13]). We do not neither know whether F(M,X) has
the Daugavet property if both F(M) and X have the Daugavet property.
For general Banach spaces, it is an open problem whether X⊗̂piY has the
Daugavet property if X and Y have the Daugavet property (c.f. [30, 33]).
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